It is known that the linear n-setting steering inequalities introduced in Ref. [Nature Phys. 6, 845 (2010)] are very efficient inequalities in detecting steerability of the Werner states by using optimal measurement axes. Here, we construct chained steering inequalities that have improved visibility for the Werner states under a finite number of settings. Specifically, the threshold values of quantum violation of our inequalities for the n = 4, 6, 10 settings are lower than those of the linear steering inequalities. Furthermore, for almost all generalized Werner states, the chained steering inequalities always have improved visibility in comparison with the linear steering inequalities.
I. INTRODUCTION
Entanglement is a property of distributed quantum systems that has no classical counterpart and challenges our everyday-life intuition about the physical world [1] . It is the key element in many quantum information processing tasks [2] . The origin of steering, a notion closely related with entanglement, can historically be traced back to Schrödinger's reply [3] to the well-known EinsteinPodolsky-Rosen (EPR) argument [4] . However, steering lacked operational meanings, until the year 2007 when it was given a rigorous definition through the quantum information task [5] . Then it becomes clearer that the EPR paradox concerns more precisely the existence of local hidden state (LHS) models, rather than that of local hidden variable (LHV) models [4, [6] [7] [8] . After 2007, EPR steering has gained a very rapid development in theory [9] [10] [11] [12] [13] [14] and experiment [15, 16] . Different from entanglement and Bell nonlocality [18] , steering possesses a curious feature of "one-way quantumness" [11] , which is shown useful in one-way quantum information tasks like, e.g., one-way quantum cryptography [17] .
Intriguingly, the authors of [5] proved that steerable states are a strict subset of the entangled states, and a strict superset of the states that can exhibit Bell nonlocality. In analogy to the violation of Bell's inequality which implies Bell nonlocality, any violation of a steering inequality immediately implies EPR steering [13, 15] . It is in principle easier to experimentally observe the viola-tion than Bell inequalities, because one has no concerns about closing the notorious locality loophole as in a Bell test [18] .
Among many others, the n-setting linear steering inequalities in [15] have been experimentally verified by the violation with the Werner states in their optimal measurement axes. In this paper, comparing with those in [15] , we focus on the generalized Werner states and address the question of whether there exist steering inequalities that have improved visibility so that steering is more robust against white noise and thus more experimentfriendly to test in practice. Below, in the Alice-to-Bob steering scenario, we shall construct chained steering inequalities out of the chained Bell inequalities, and demonstrate that with Bob's measurement directions properly adjusted, one can obtain lower threshold values above which these inequalities can be violated.
The paper is structured as follows. In Sec. II, we shall briefly review two family of n-setting steering inequalities: the linear [15] and the chained [19] , along with threshold values of their violation. In Sec. III, we will present new measure directions, obtain new chained steering inequalities, and then compute the threshold values for the obtained chained inequalities, which are shown to be lower than those of the linear inequalities. In Sec. IV, focus on the generalized Werner states, we research the region of their parameters that can have the inequalities violated, and find that for almost all generalized Werner states the new chained steering inequalities always have improved visibility in comparison with the linear steering inequalities. We discuss the results in Sec. V. . By denoting Alice's declared result(we make no assumption that it is derived from a quantum measurement) as random variables A i ∈ {1, −1} for all i, the n-setting linear steering inequality is of the form
The LHS bound C n is the maximum value that I n can reach if Bob has a pre-existing state known to Alice, rather than half of an entangled pair shared with Alice. Clearly, the quantum bound of I n is just 1. In general, for a given set of Bob's directions
one has then
where σ x , σ y , σ z are the Pauli matrices. If the directions are chosen as along the vertices of Platonic solids, as in Figure 2 of Ref. [15] , the analytical expressions for the bounds read
≈ 0.539345,
B. The n-setting chained steering inequalities
The chained steering inequality for a given n is of the form [19] 
where
and C n is the bound for LHS models. For each n, if Bob chooses his measurement directions as
with i = 1, 2, · · · , n, then the LHS bound equals [19] C n = 2 cot π 2n ,
which is attained at A 1 = A 2 = · · · = A n = 1.
C. Threshold value of quantum violation
For a given set of Alice's measurement directions
the observables that Alice uses read
The quantum violation, Q n , can then be obtained by numerating all possible a[i].
Let us consider the Werner state
where |ψ denotes the maximally entangled state
|0 and |1 are eigenstates of σ z with eigenvalues 1 and −1, respectively, and I 4 is the identity matrix on C 2 ⊗C 2 . Let us define the visibility as
For each n-measurement setting, the quantity V n describes the threshold value, above which the state (9) cannot be described by LHS models. Remark 1.-The visibility for inequality (1), defined similarly as
equals V for all n. Namely, inequality (1) can only detect by its violation the steerability of Werner states with V > C n . Remark 2.-For Bob's directions (6), the maximum quantum violation is computed as [19] Q n = 2n cos π 2n ,
and so from (7) and (11) the visibility for (4) equals
The directions (6) are not optimal for inequality (4), as there exist other directions to obtain a lower visibility. In the following section, we will present new measurement directions, obtain new chained steering inequality. Moreover, we compute threshold values for these new chained steering equalities and compare them with ones for the n-setting linear steering inequalities and (14).
III. CHAINED STEERING INEQUALITIES WITH IMPROVED VISIBILITY
A. A simple example: n = 4
When Bob chooses
i.e.,
one can have
Here, the visibility is lower than that of the linear steering inequality, for which V 4 = C 4 ≈ 0.57735. This example implies that there exists new chained steering inequality such that its visibility lower than that of (1). We shall find new chained steering inequalities with lower threshold values numerically and list the results below.
B. The lowest threshold values: n = 2, 3, 4, 6, 10
We now list Bob's measurement directions satisfying that for these directions the new chained steering inequalities have the lowest threshold values compared with the n-setting linear steering inequality and the chained steering inequalities in [19] .
• n = 2: For arbitrary directions that Bob chooses, we always have
• n = 3: If Bob chooses the directions (6), then
and so
In fact, this is the minimal threshold value, which can be confirmed by running all possible directions numerically. What is worth noting is that to get this value Bob's directions are not unique. For instance, if Bob chooses instead the following
which is the same to what Bob chooses in the Figure  2 of Ref. [15] , then, again, 
A comparison between the results on the linear inequalities (1), on the chained steering inequalities in [19] , and the new chained steering inequalities is listed in Table I. (1), inequalities in [19] , and the new chained inequalities.
Vn, Vn n = 2 n = 3 n = 4 n = 6 n = 10 Inequality (1)
Inequality in [19] We also plot the relationship between V n and n for (1), the chained steering inequalities in [19] , and the new chained steering inequalities in Fig. 1 . We can see that the new chained inequality has the lowest visibility for n = 4, 6, 10. The relationship between the minimal Vn and n for the inequality (1), inequalities in [19] , and the new chained inequalities. The yellow dashed lines, the green solid lines and the blue solid lines are for (1), inequalities in [19] , and the new chained inequalities, respectively.
IV. VISIBILITY OF QUANTUM VIOLATION WITH THE GENERALIZED WERNER STATES
Now we investigate the visibility for the generalized Werner states
where |ψ(θ) = cos θ|00 + sin θ|11 .
Let Bob choose directions along the vertices of Platonic solids (as in Figure 2 of [15] ) for (1), and directions (24), (26) and (28) for (4), then one can find their corresponding threshold values of violation.
The results are summarized in Table II and Fig. 2 . Before ending this section, we have a few observations. Observation 1.-The smallest threshold value is attained at θ = π/4, reducing to the results in previous sections where the standard Werner state is considered.
Observation 2.-For inequality (1), one can obtain analytically
Q 10 = 1 10 (1 + 5 + 4 sin 2 2θ + 2 1 + 8 sin 2 2θ),
Observation 3.-For the new chained steering inequalities, i.e., inequality (4) with directions (24), (26) and (28), the V n ≤ 1 if and only if θ ∈ [θ n , θ n ], n = 4, 6, 10, where We have constructed new n-setting chained steering inequalities with the lowest visibility compared with the linear steering inequalities and the chained steering inequalities in [19] . For the generalized Werner states, it has been found that when parameter θ of the states lies in some neighborhood of π 4 , the new chained steering inequalities always have lower visibility and thus more robust against noise than the n-setting steering inequalities. Subsequently, we shall try to construct optimal steering inequalities that have genuine minimal threshold values of quantum violation. 
